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On Some Singularly Perturbed Problems 
for Viscous Stratified Fluids 
NIKOLAI N. NEFEDOV* 
The singularly perturbed boundary value problem which describes the motion of 
a stratified viscous fluid is obtained and an asymptotic expansion of the solution for 
vanishing viscosity is developed. The two cases considered are when the reduced 
equation has (i) a unique solution and (ii) a family of solutions. The latter situation 
is an example of a singular-singular perturbation problem. Proof of the uniform 
asymptotic validity of the constructed expansion is given. f:: 1988 Academic Press. Inc. 
1. INTRODUCTION 
Mathematical problems concerning stratified fluid flows are of increasing 
interest because of many applications of practical importance and as an 
example of nonclassical initial-boundary value problems (see [6, 10, 241 
and references there). 
We shall consider the two-dimensional motion of an incompressible 
viscous fluid in the (x, z) coordinate system. We assume that the fluid is 
stratified in the z direction. That means that the stationary density p. and 
the kinematic viscosity y are functions of the vertical coordinate z only. We 
suppose gravity is acting in the negative z direction. The linearized 
Navier-Stokes equations which describe the small motion of such fluid 
then take the form 
(1) 
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where v = (u, , u2} is the velocity, (., .) denotes the Euclidean scalar 
product, p, is the dynamic perturbation of the density, p is the dynamic 
pressure, e, is a unit vector in the z direction, g is the acceleration of 
gravity, f, is an external force, o0 is the Vaisala-Brunt frequency and 0: = 
-g(8p$&)/p,(z) (cf. [2, 10,241). We are going to simplify the system (1) 
by using the Boussinesq approximation. That means in our case that we 
change pO(z) and y(z) by constants, however the frequency o0 is, as before, 
a given function of z (see [2; lo]). 
We introduce the stream function U, by using the usual relation to 
velocity: 
v, = u,, v2= -u Y. 
Substituting (2) into (1) and eliminating p, and p, we obtain 
(2) 
where A and A2 represent the Laplacian and its square in R2, DziJ = U,x, 
and .f can be easily expressed in terms of f, [6]. If the fluid is exponen- 
tially stratified, i.e., pO(z)= pb exp( -2pz) for some constant ~b, then 
wi = 2j3g = constant. We are going to consider the case when a periodic 
external force f(x, z, t) =f(x, z) exp(i&) acts, and we suppose that u has 
the corresponding form, i.e., U(X, z, t) = U(X, z) exp(iAt). We also suppose 
the equation is dimensionless and the viscosity y = s2 is small. 
Remark 1. Although we are considering the 2-dimensional case, it can 
be easily generated to N-dimensions (i.e., when the Laplacian is in RN and 
the second-order operator is given in the form: D’, U = I,“= 1 ~~~(a~U/ax~)). 
However, we are restricted because we introduced a stream function. This 
means that we can only consider 3-dimensional cases when, for example, 
we have cylindrical or spherical symmetry. 
Remark 2. We note that analogous mathematical problems arise in the 
theory of rotating fluids and in the theory of viscoelasticity (see, for exam- 
ple, [7; 251). Some interesting experimental work, which has connections 
with the present work, was reported in [12]. 
2. STATEMENT OF THE PROBLEM 
We consider the equation 
L,ust,-2A2u+iL Au+$ U,,=J; (4) 
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which is obtained from (3) by substituting the harmonic forms of the exter- 
nal force and the solution, and considering (4) in a bounded domain 
52 c R2 with boundary IY Suppose the boundary conditions are given in the 
form: 
(a@ is the normal derivative). This is usual for viscous fluids, and it 
implies a no-slip condition on the fluid boundary. 
We impose several additional conditions on problem (4), (5). They will 
be denoted by numerals i, ii,.... We are going to consider two cases-(a) 
and (b). If additional conditions are different in these cases, they will be 
denoted by i,, . . . or i,, , . 
We assume that 
(i) F’ and f are sufficiently smooth. As usual smoothness 
requirements depend on the order of the asymptotic expansion sought. 
Assumption (i) does not mean that we cannot consider boundaries with 
corner points, but, in those cases, we have to add special compatibility 
conditions. 
In (4), the parameter E is assumed to be small, 0 < E G 1. We shall be 
interested in approximating the solution of the boundary value problem 
(4), (5) as E -+ 0. The problem (4), (5) is singularly perturbed because it has 
a small parameter before the differential operator with the higher order 
derivatives (see [S, 16, 19, 23)). If we set E = 0 in (4), we obtain the reduced 
equation 
or 
The operator Lo depends on the parameter 13 (the frequency of the exter- 
nal force) and we consider: case (a) when /11> o0 and L,, is elliptic 
(this corresponds to surface waves), and case (b) when (1) -C o0 and L, 
is hyperbolic (internal waves). The latter case is more complicated and is 
an example of a so-called singular singularly perturbed problem or a 
singularly perturbed problem in the critical case (see [17,20] and also 
[ 1,4, 5, 13, 14, 18) among other possible references). 
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3. ASYMPTOTIC EXPANSION OF THE SOLUTION 
We carry out a preliminary construction, well known for singularly 
perturbed problems [22]. In a neighbourhood of r, we introduce local 
coordinates (z, I), where z is the distance from the point M(z, I) to r along 
the normal M,M to f (M, E f), and 1 is the coordinate of M, on r (for 
example, the distance along r from M, to some fixed point (0 < 1 <I,)). 
If the neighborhood Sz, = (0 d r < 6) x (0 < I < &,)) is small enough (i.e., 6 is 
small enough), then there is a one-to-one relation between the coordinates 
(x, z) and (r, I) approximately described by 
x = X(I) - rxl(Z)[X”(l) + Z’*(l)] -1’2, 
z = Z(l) - rZ’(l)[TV’(Z) + Zf2(l)] -I”, 
(with x=X(Z) and z = Z(I) being equations of ZJ. Transforming to (r, I) 
coordinates and introducing the stretched variable p = r/c, we obtain the 
expansion for the operator L, 
4 a2n2+UA+p:=; [L,+EL*+ . ..I. 
where L, = a4/8p4 + i(A - (~$1) a(l))(a’/ap’) is the boundary layer 
operator for this problem and O<a(f) d 1. In case (a) when [A[ boo, 
A2 - o,a(l) > 0 and we assume that for case (b), 
(iib) IA2 - o&z(l)l > c > 0. That means that we are not going to 
investigate cases when the characteristics of the reduced equation (6) are 
tangential to the boundary IY Note also that the characteristic polynomial 
L, has one root with negative real part and another with positive real part. 
Therefore, we can construct the boundary layer correction by using L, 
1221. 
We seek an asymptotic solution of (4), (5) in the form 
U(x, 2, E) = iqx, z, E) + Lqp, f, E) - -f &‘iii(X, z) + f Eini(p, I), (7) 
i=O i=l 
where U(x, z, E) is the outer expansion, and Z7(p, 1, E) is the boundary layer 
correction. Using (7) in (4) and (5) we obtain equations for successive 
terms by equating coefficients of powers of E. We now consider the cases 
(a) and (b) separately. 
Case (a). For Go, we must satisfy LOGO= f/U with the boundary 
condition 
U,(.=O. 
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For ,f‘ and f sufftciently smooth, this problem has a unique solution Us, (see 
[9, 15, 221). For I7,(p, /), we obtain a boundary value problem involving / 
as a parameter, 
L,r7: =Q, p >o, (8) 
with boundary condition 
817 du -2 =-- dp ,> =0 ano r’ (9) 
We also require that the I&functions be boundary-layer functions of the 
stretched variable, i.e., 
nj( co, 1) = 0, i= 1, 2, . . . . (10) 
From (8), (9), and (IO), we obtain an explicit decaying solution using the 
root which has a positive real part. Further terms of the asymptotic expan- 
sion are obtained similarly. 
Case (b). We consider the case when 111 < oo. We also assume that 
(iiib) A is a characteristic value of the operator Lo with n 
corresponding characteristic functions u,(x, z) which form a basis of the 
null space of Lo. We shall also assume that 
(iv,,) the external force is of order E, i.e., sf; otherwise, the asymptotic 
expansion would begin with an F ~ ’ term. Thus, the multiplicity of the 
characteristic value A is IZ and 1” does not have a corresponding Jordan 
chain of characteristic functions. Further, the solution of the reduced 
problem can be written as 
uO= C cOiuz(X, Z), (11) 
,=l 
where the coi are unknown constants. 
The problem for Z7, again has the solution 
but now involving the arbitrary constants coi. These constants are com- 
pletely determined at the next step by the condition that the following 
problem for U, be solvable: 
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The conditions for solvability, 
provide n linear equations for the n unknown constants cOi. In (12), the uk’s 
are characteristic functions of (1 1 ), because L, is self-adjoint. The deter- 
minant of this linear system is nonzero, because the multiplicity of the 
characteristic value i is equal to the number of characteristic functions 
ui(x, z) corresponding to A. Solving for the cOi, both uO and rrr are com- 
pletely determined. Further terms of the asymptotic expansions are 
obtained similarly. 
Remark. All constructed n-functions are exponentially decaying. 
Because our coordinate system is local, they must be multiplied by a cutoff 
functions in Q;, and continued as zero into the rest of Q [22]. 
4. ESTIMATION OF THE REMAINDER TERM 
Let U, denote the following partial sum of the expansion (7) 
Un(X, Z> E) = i E’Ui(X, Z) + Hi2 E’ZIi(p, l), 
i=o i= 1 
Let B,(Q) be the space obtained by the completion in the norm (1. /I2 
generated by the scalar product [u, U] = (du, do), on the manifold C?(a). 
Clearly B,(Q) c&(Q) and I1ulJz = ]JdulJ, (we write (., .)O for the scalar 
product in &(Q), and (1 .(I0 for the corresponding norm). It is also known 
that a function u E Hz(Q) will satisfy the conditions 
uI.=&/&zI.=O [ll]. 
Thus, the following theorem holds: 
THEOREM. Let assumptions (i,) or (ib)-(ivb) hold. Then for sufficiently 
small E there exists a unique solution u E Z%,(O) of the problem (4), (5) in the 
Cases(a) and (b). The constructed sums U, are asymptotic expansions of the 
solution, i.e., 
I(u- U,l(*<CEn+l. 
Outline of a Proof: Let w  = u - U,. Subsituting u = U, + w  into (4) and 
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(5) ~9 must satisfy the resulting equation in a generalized sense, i.e., as an 
identity 
3 E2(A2W, u)(j + iA(Aw, fl)() + 5 (D’,w, U)(, = (h, v),, v’v E B2( 52). 
This is equivalent to the problem 
Lw s E’W + i,lG Aw + $ GD,w = Gh, (13) 
where G = (A’)-’ is defined on A-,(Q) as the inverse of A2 on H,(O). This 
easily follows from the analog of Green’s formula for A’: 
(A2u, II),, = (Au, Au), = [u, v], vu, v E B,(Q). 
It is also known that A2 is one-to-one on all of &,(a) (see 16, 91). By 
using properties of the operators G, GA, GD2,, we can show that the 
following estimates hold: 
IIGhll, d Cd’+ ‘, (14) 
l/Lwll* 2 c lIwlI* for (a), (15) 
llLwll* 2 c2 II4I2 for (b) (16) 
with generic constants C. From (14) and (15) the theorem easily follows for 
Case (a). In Case (b), we construct the sum Un+ Z, so that for the new h 
)(GhlJ < CE”+~. (17) 
From (16) and (17), we have I(~-U~+~(j~<ce~+‘, but (lu-U,,(I,< 
Ilu- ~,+2Il2+ I/f!Jn+*- U,,Jj2. Thus, the theorem follows. 
Remark. For the sum D,, = CyEO .siUi + C;=, sini, we have the estimate 
JIu - Dn,112 < c.Y- ‘I*. However, for 0” = DR + .s”+ ‘l7,,+, we have 
I/ IA - 0, II* d CEfl + “2. 
5. EXAMPLE 
We consider the case Q = (0 6 x < 71) x (0 <z < 7~). Then, in Case (b), the 
reduced equation (6) with boundary condition uI,-= 0 can be solved 
explicitly with U0 =C,‘O cgiui(x, z), where the ui(x, z) can be found 
by using separation of variables; namely ui = sin nx . sin mz, where 
A= w~(m’/n’ + 1). It can be easily shown that every 1 E C-w,,, o,,] is a 
point of the spectrum of the operator L,. Moreover, if I is a characteristic 
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value and ui = sin n,x sin m,z is a characteristic function, then each U, = 
sin ~,YX sin m,rz, for YE 2 (integer), is also a characteristic function, 
because A depends only on the ratio of m and n. The ui(x, z) are a basis for 
the null space of the operator L,. 
Since Q has corner points, we have difficulties in using our procedure to 
construct a boundary layer correction. For example, if we construct a 
boundary layer correction near the boundary z = 0, and if a change boun- 
dary conditions on the boundaries x = 0, x = 7~ near the points (0,O) and 
(71, 0), we need to alter the corner boundary layer [3, 191. This is not a 
simple task in our poblem. Fortunately, we have additional compatibility 
conditions which follow from our condition of no-slip on the boundary. It 
can easily be verified that (dzq,/~x)~ x =0,X= A = 0 implies that I7,, which 
corrects boundary conditions on the side z = 0, does not change boundary 
conditions on the other boundaries; likewise, for II*. That means that, 
without additional compatibility conditions, we can construct 8, and 
obtain 11 u - U,(( 2 < CE ‘j2. 
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